Abstract: Entangled states are crucial to quantum computation and quantum communication, and are usually treated as the target states to be accessed by quantum control methods. While most of the researches focus on the generation of the desired entangled state at the terminal state , this paper considers the time-varying entanglement of the transient state | throughout the qubit transfer process. It is found that the degree of entanglement of | determines how fast and accurately the terminal state can be achieved. Four quantitative indices of entanglement are employed here to evaluate the degree of entanglement of | and to estimate the qubit control performance resulting from different control gains in the Lyapunov control law. Our results show that increasing the degree of entanglement during the qubit transfer process is helpful to improve the convergence to the target state; however, increasing control gain tends to destroy the entanglement and attenuate the multi-qubit transfer efficiency. The lack of sufficient quantum correlation between some initial state | and terminal state is the main reason for unavailable qubit transfer between them. For these states, the insertion of an intermediate entangled state | can effectively increase the degree of entanglement and help to realize the qubit transfer | via the transition processs | | .
Introduction 1
Quantum entanglement is a nonlocal property of multi-particle states, which cannot be described by the combination of several single-particle states. Due to its invariant features under the change of distance of separation, entanglement has been widely exploited in various fields of quantum information techniques such as quantum teleportation [1] , quantum computation [2] , quantum cryptography [3] , and quantum dense coding [4] .The key issue in these quantum information techniques is the preparation and preservation of maximally entangled states. Numerous strategies based on quantum feedback control theory [5] have been proposed to drive the system states to the maximally entangled states. To synthesize the quantum feedback control laws, the information of instantaneous quantum states has to be provided either by simulation or by measurement. Quantum Lyapunov control [6] [7] [8] obtains the state information by simulating the evolution of the system and employs the computed states to construct control fields. This design process yields a feedback-designed open-loop quantum control strategy, which has been shown as a simple way to design control fields for quantum state transfer [9] and entanglement generation [10] without measurement.
The other approach to quantum feedback control is based on the continuous measurement and estimation of the quantum states. Depending on the different measurement processes being employed, three types of measurement-based feedback control were developed, i.e., Markovian feedback control [11] [12] [13] , Bayesian feedback control [14, 15] , and weak-measurement feedback control [16] , which all have been applied successfully to the problems of qubit transfer and entanglement generation. Measurement-based feedback control is capable of dealing with unknown initial states and unpredictable disturbances, which otherwise cannot be handled by D DAVID PUBLISHING Evaluating Qubit Control Performance by Indices of Quantum Entanglement 2 quantum Lyapunov control; nevertheless, the measurement on a quantum system will inevitably influence the states and complicate the design of feedback control.
Irrespective of the strategies being used in quantum feedback control, the generation of entangled states has been formulated as a stabilization problem wherein quantum control laws are designed so that the considered quantum system converges asymptotically to the prescribed entangled states as ∞. Although convergence properties and stability conditions under quantum Lyapunov control have been rigorously analyzed, convergence is not the only requirement for entanglement-generation and qubit-transfer problems, since a convergent solution may experience a long transient process before the steady state is achieved. Recently, an optimal method [17, 18] has been proposed to speed up Lyapunov quantum control by making the Lyapunov function decrease faster.
Instead of the stability and convergence analysis of a terminal entangled state , which has gained significant progress in recent years, here we will focus on the transient entangled states | and discuss its influence on the qubit transfer performance throughout the transition process from | and to . Qubit transfer within n-qubit systems composed of n spin-coupled electrons will be considered to reveal the dependence of qubit transfer performance on the entanglement of the transient entangled state under Lyapunov quantum control. It is found that achieving a high degree of entanglement of the transient state | is not less important than generating a terminal entangled state , because the lack of sufficient entanglement of the transient state | may lead to a very slow convergent rate to the terminal state and even lead to the divergence of . The main distinction between multi-electron and single-electron control problems is the phenomenon of spin entanglement between electrons. Spin entanglement is vulnerable to external field and a strong magnetic field induced by high-gain control tends to destroy the quantum correlation between electrons and hence attenuate the qubit transfer efficiency. On the contrary, for single-spin control system [8] and energy-level control system [17] , which are free from entanglement, high-gain control has a positive effect to accelerate transient response and reduce steady-state error of qubit transfer. To examine the influence of quantum control on the intrinsic entanglement developed within a multi-qubit transfer process, several indices of entanglement including radius of Bloch ball based on Schmidt decomposition [19] , entanglement entropy [2] , relative entanglement entropy [20] , concurrence [21] , and entanglement of formation [22] , are employed here to quantify the entanglement of the time-varying state | during the qubit transfer from | to | .
Based on the evaluation of these indices of entanglement, especially the quantum relative entropy, we find that a strong control field induced by high-gain control blockages the information exchange between electrons, deteriorates their entanglement, and consequently causes the degradation of the qubit transfer performance. Apart from causing a slow convergent rate, the lack of entanglement in the transient state | may even render the terminal state inaccessible under quantum control. In order to guarantee the convergence to an arbitrarily assigned target state under Lyapunov control, the quantum system has to satisfy some prerequisite conditions [9, 23, 24] . Systems not satisfying these convergent conditions are called non-ideal systems, whose convergence to the target state is solved instead by introducing a series of implicit function perturbations and choosing an implicit Lyapunov function [25, 26] . From the viewpoint of the present paper, the lack of sufficient quantum correlation between the initial and final states is the major reason for unavailable transfer between them. Our analysis gives an alternative approach to improve the convergence to the target plays the role of an information medium via which information can be exchanged between | and so that the correlation between them is strengthened to facilitate the qubit transfer | | . This paper is organized as follows. In Section 2, we express Schrödinger equation and Liouville equation in state-space forms to describe the spin-coupled motion of n electrons. In Section 3, we apply Lyapunov quantum control to realize qubit transfer based on the developed n-spin model. In Section 4, we point out the quantum phenomenon that high-gain Lyapunov control tends to suppress the entanglement between the electrons and attenuate the qubit transfer efficiency. To explain the cause of high-gain degradation, we propose four quantitative indices of entanglement in Section 5 to evaluate the qubit transfer performance, and discuss the dependence of the qubit transfer performance on the degree of spin entanglement between electrons. According to the entanglement-dependent qubit transfer performance, we propose in Section 6 an alternative approach to qubit transfer between two states, for which direct transfer is not possible, by inserting an intermediate entangled state between them. Conclusions are presented in Section 7.
Schrödinger and LiouvilleEquations in State-Space Forms
In this paper, we consider qubit-transfer control of a n-qubit system constituted by n spin-coupled electrons, whose spin motions are described by a n-dimensional complex vector | and are controlled by an externally applied magnetic field with three components , , . Above Liouville matrix for a single qubit can be generalized directly to the n-qubit case as 
Qubit Transfer by Lyapunov Control
The quantum model provided by Eqs. (2.11) and (2.23) will be employed in this section to investigate the role of entanglement in the qubit transfer from an initial state | to a terminal state for pure state transfer, or from an initial density matrix to a terminal density matrix for mixed states. Among a variety of quantum control methodologies, Lyapunov quantum control will be adopted here to achieve the prescribed qubit transfer for its clarity of demonstration. The strategy of the Lyapunov control is simply to make the first-order time derivative of a chosen Lyapunov function non-positive. With the Lyapunov control law of Eq. (3.5) and the Lyapunov Eq. (3.7), the convergence to the target state is guaranteed. Our main concern is how to quantify and improve the transient performance of the qubit transfer between | and . For this purpose, several indices of spin entanglement will be introduced to evaluate the qubit control performance and the control gain in Eq. (3.5) is to be accommodated to improve the control performance in response to the change of spin entanglement during the qubit transfer process.
High-GainDegradation of Qubit Control Efficiency
Quantum entanglement dominates the qubit transfer performance and a well understanding of the influence of quantum control on the degree of entanglement is helpful to the control law design. The simplest entangled system is composed of two spin-coupled electrons, for which several definitions of entanglement have been well developed [27] . The two-electron spin motion can be described by the four bases, |00 , |01 , |10 , and |11 , and any two-spin state | of the system can be expressed as a superposition of the four bases: | |00 |01 
According to the definition of the Pauli matrices in Eq. (2.9), the Hamiltonians can be expressed explicitly as where the coupling constant is set to , 1, and the gyromagnetic ratio of electrons is normalized to 1in the following numerical demonstrations.
With the given Hamiltonian , the time evolution of The influence of the control gain on the qubit transfer from |00 to |11 will be studied firstly in order to reveal the dependence of the qubit transfer performance on the degree of spin entanglement between the two electrons. Under the action of the control law of Eq. (3.5), the qubit populations, i.e., the diagonal elements of , are obtained by solving Eq. (4.4) with initial density matrix |00 00|. The numerical results by using four different control gains 1, 2, 14, 20, are shown in Fig. 1 . It can be seen that for the low-gain cases 1 and 2, the transition from |00 to |11 is 100% completed within 50 and 35 time units, respectively. For the high-gain cases 14 and 20, the transfer percentage reduces to 90% and 65%, respectively, although high-gain control leads to faster transient response and larger control field as illustrated in Fig. 2 . If the control gain increases further, the achieved population level begins to oscillate with increasing amplitude, and diverges eventually. This observation is contrary to our common expectation that a high-gain control tends to decrease the steady-state error. Additional computations have been conducted for three-and four-electron systems by solving Eq. (4.4) and similar high-gain degradation of transfer efficiency occurs.
A reasonable explanation to high-gain degradation of multi-qubit transfer performance is that spin entanglement between two electrons is vulnerable to external field and a high-gain control tends to suppress the interconnection between the electrons and hence attenuate the qubit transfer efficiency. To confirm this conjecture, we employ the same governing Eq. (4.4) and the same control law of Eq. (3.5) to examine whether high-gain degradation takes place in the single-qubit transfer process, where only one electron is involved and no entanglement effect can emerge. In contrast with the two-qubit results, two control gains 2 and 20 , which are representative values of low gain and high gain, are applied to the one-qubit transfer from |0 to |1 . As shown in Fig. 3 , high-gain control of single qubit transfer yields much faster transient response than those by using low-gain control. Moreover, high-gain control simplifies the shape of the control field, while low-gain control produces high-frequency oscillation of the control field, as demonstrated in Figs. 3c and 3d. It appears that contrary to two-qubit transfer, high-gain control is otherwise beneficial to single qubit transfer. To further strengthen this standpoint, we also apply high-gain control to a Morse oscillator with four energy levels, which is free from entanglement. The result is the same as that of single-qubit transfer, indicating that high-gain control inclines to destroy the entanglement between electrons and attenuate the multi-qubit transfer efficiency, but it has no adverse effect on quantum systems free from entanglement.
Evaluating Qubit Transfer Performance by Index of Entanglement
Quantum entanglement appears exclusively in multi-particle systems and plays a dominant role in the performance of multi-qubit transfer control. The appearance of entanglement makes the results of quantum control totally different from those obtained from single-particle systems. high-gain control is also found to attenuate and oscillate the entanglement, as shown in Fig. 4b . This deterioration of entanglement due to high-gain control partially explains the reason why the qubit transfer from |00 to |11 is unsuccessful by using 20 as already shown in Fig. 1d .
Entanglement Entropy
Qubit transfer involves information exchange among all the possible states participating in the qubit transfer process. The amount of information contained in a mediate entangled state determines the efficiency of the qubit transfer through this entangled state. The von Neumann entropy [2] defined by 5.6
, which is a useful index to quantify the amount of information contained in a quantum state, or equivalently, the amount of uncertainty before the quantum state is measured. In terms of the Schmidt decomposition of the two-electron state | , the entanglement entropy of | is equivalent to the von Neumann entropy of its subsystems as 5a and 5b.
Relative Entanglement Entropy
Both the entanglement entropy and the Bloch-ball radius indicate that the high-gain control has no positive effect on increasing the degree of entanglement in a two-electron system. However, these two indices of entanglement are still not strong enough to explain the failure of qubit transfer from |00 to |11 as shown in Fig. 1d . The main damage to entanglement caused by high-gain control is the blockage of information exchange between the electrons. The entanglement entropy and the Bloch-ball radius measure the amount of information contained in individual electrons, but they do not exhibit the amount of information exchange between the two electrons. When more information is exchanged, the quantum states of the two electrons get closer to each other, i.e., more information is shared by the two states.
Quantum relative entropy is a useful measure of the closeness between two quantumstates and , which is defined as Ref. [20] 5.8 It quantifies the amount of information, which belongs to and at the same time is shared with . The value of is a non-negative number with minimum 0 corresponding to the situation that the information of is fully shared with , i.e., the distance between and is zero.The amount of information shared by and decreases with increasing . With and computed by Eq. (5.3) , the time responses of the quantum relative entropy in the qubit transfer process from |00 to |11 are shown in Fig.  6a with control gain 2. The value of keeps smaller than 0.08 over the entire transition process, indicating that the information contained in and is nearly equivalent. Fig. 6b illustrates as the difference between and Trace log , showing that the two curves are almost coincident for 2 . However, as we increase the control gain to 6, the difference between and Trace log becomes significant as shown in Fig. 6c. As increases further to 20, the great discrepancy between and Trace log shown in Fig. 6d manifests the loss of information exchange between the two electrons. The quantum relative entropy persuasively indicates that a high-gain control blockages the information exchange between the two electrons and causes the degradation of the qubit transfer performance as already shown in Fig. 1d . 
Concurrence
Different from the former three indices of entanglement, the concurrence [21] is a quantification of two-electron correlation without using Schmidt decomposition. This quantity is defined for pure states and can be calculated analytically as Another useful index of entanglement is the entanglement of formation [22] , which can be expressed in terms of the concurrence as
where, 1 1 is the binary entropy function. Like the concurrence , the entanglement of formation falls in the interval 0 1, with 0corresponding to the separable state and 1 to the maximal entangled state. The resulting time response of has a high degree of similarity with and its illustration is omitted here.
Qubit Transfer via Intermediate Entangled States
From the time responses of the several quantitative measures of entanglement mentioned above, it is evident that increasing the degree of entanglement during the qubit transfer process is helpful to improve the convergence to the target state. The lack of sufficient quantum correlation between the initial and final qubits is the main reason for unavailable transfer between them. This observation motivates us to insert an intermediate entangled state into a transition process between two quits for which direct transfer between them is not possible. A similar strategy called path programming [28] 
Conclusions
Quantum entanglement is omnipresent throughout a qubit transfer process, even though both the initial and final states are not entangled states. Several indices of entanglement have been employed in this paper to evaluate the qubit transfer performance for a two-qubit system composed of two spin-coupled electrons. By inspecting the transient responses of the various indices of entanglement, we find that the accuracy of qubit transfer strongly depends on the degree of entanglement that can be achieved during the transition process, and the degree of entanglement is in turn determined by the imposed qubit control law. The comparison of low-gain and high-gain Lyapunov control shows that quantum entanglement is vulnerable to strong field and a high-gain control tends to attenuate the degree of entanglement and reduce the accuracy of qubit transfer. Our results show that the indices of entanglement, especially quantum relative entropy, can be served as a useful cost function to evaluate the performance of qubit control. On the other hand, for quantum systems lacking for sufficient quantum correlation between the states to be transferred, the insertion of an intermediate entangled state into the transition process helps to connect the two qubits by increasing the entanglement between them.
